
ENGINEERING FOR RURAL DEVELOPMENT Jelgava, 23.-25.05.2018. 

 

970 

DYNAMICS ANALYSIS OF FLAPPING WING ACTUATOR 

Janis Viba, Valters Cipruss, Oskars Ozolins, Janis Gulbis 

Riga Technical University, Latvia 

janis.viba@rtu.lv, valtersc@inbox.lv, oskars.ozolins@rtu.lv, janis.gulbis@rtu.lv  

Abstract. In this paper various simple plane configurations of the wings of the actuators by motion 

investigations in fluid (water or air) are being reviewed. The first part of the report deals with the investigation of 

motion of a single degree of freedom (1DOF) – rotation system. The rotational motion equations are obtained by 

the relations of classical mechanics. An approximate one-sided interaction of the fluids and wing elements is 

described by the exchange the momentum of the fluid particle flux impact. Approximate correlations are 

obtained for modeling the rotation motion with different actuator excitations. The possibilities of adding a rotary 

linear or non – linear spring are analyzed. The possibility of blocking the actuator’s movement with a stop is 

considered. In the second part of the report, plane motion of the object is analyzed taking into account the results 

of the first part of investigations. An analysis is carried out to synthesize the actuator’s application for objects 

flying or diving motion excitation in robot technics. 
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Introduction 

Vibrating motors play an important role in energy handling in the vibro technics, vibro 

technology, automation and robotics. Among these engines, for object motion control inside fluid (in 

water, in the air), flapping wing actuators are applied. For example, the theoretical framework of an 

electromagnetic actuator with the intended application to flapping-wing vehicles is presented and 

validated through experimental data [1]. Flying insects and robots that mimic them flap and rotate (or 

‘pitch’) their wings with large angular amplitudes are analyzed in [2]. Herein, detailed equations of 

motion are derived for wing rotational dynamics, and a blade-element model is used to supply the 

aerodynamic force and moment estimates. The fixed, flapping and rotary wing aerodynamics for 

micro air vehicle applications are described in the book [3].  

Dynamics calculation of flappy wing actuators includes two important aspects to consider: wing 

motion is in small Reynolds number region (as Stokes flow); in vibration interactions relative 

velocities of flow particles are changing directions against wing normal direction (because the wing 

movement is composed of translation and rotation). Examples of such research direction could include 

the works [4-9]. 

In this work, the first model looks at the actuated wing, which rotates or vibrates around a 

motionless horizontal axis (Fig. 1). It is assumed that the fluid flow VF is parallel to the vertical y-

axis.  

The rotational motion equations are obtained by the relations of classical mechanics [10; 11]. An 

approximate one-sided interaction of the fluids and wing elements is described by exchange of the 

momentum of the fluid particle flux impact. Approximate correlations are obtained for modelling the 

rotation motion with different actuator excitations. The possibilities of adding a rotary linear or non – 

linear spring are analysed. The possibility of blocking the actuator’s movement with a stop is 

considered.  

An analysis was carried out to synthesize the actuator’s application for energy recovery from fluid 

(air or water). The obtained fluid and wing interaction forces in the subsequent study are used to solve 

more complex tasks. 

Analysis of rotating wing  

The rotational motion model is shown in Fig. 1. It includes a fixed horizontal axis O, around 

which a blade of length L can rotate. The flow velocity VF is taken upright and parallel to y-axis. In 

the simplified model considered here, the main interaction force Rn between the wing and the fluid is 

perpendicular to the surface (called as lifting drag or lifting interaction). The classical mechanics 

formulas are used to calculate the interaction force [10; 11]. According to the theory of fluid 

interaction it is assumed that the elementary local forces are proportional to the relative speed in the 
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square. In the center O the main vector Rn of interactions and the central moment MO can be 

calculated using formulas (1) and (2) [11, 14, 15]: 
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where D0 – drag coefficient parameter;  

 ρ – fluid density;  

 A0 – middle value of area;  

 VF – flow velocity [12; 13]. 

 

Fig. 1. Rotating wing model: O – rotation axis; L – length of wing; L0 – distance till wing; VF – flow 

velocity; ξ – integration coordinate; dξ – small interaction length; Fξ – local small force; τ, n – relative 

coordinates; X0, Y0 – reactions in axis O; Rn, Rτ – fluid interactions components; M0 – fluid 

interactions moment; φ, ω – wing angle and angular velocity 

After integration of equation (1) formulas (3, 4) can be found: 
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Parameters from equations (3) and (4) can be used for calculations of the wing rotation angle φ, 

angular velocity ω and reactions X0, Y0. Using formulas (3) and (4) directions of forces can be 

additionally checked. For this purpose, the “sign” operator is used, which depends on the angular 

velocity or angle. Some examples for small angles (-90º < φ < 90º) are given below.  
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Analysis of rotating wing with spring and harmonica excitation  

For wing rotation motion calculation, when the length parameter L0 = 0, differential equation is 

(5) : 
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where Jz – moment inertia of wing; 

 φ, φ̇, φ ̈  – angle, angular velocity and angular acceleration;  

 c – rotational spring stuffiness;  

 b – additional damping constant;  

 Mz, p – parameters of harmonica excitation;  

 VF – flow velocity;  

 L – wing length.  

Some results of calculation are given in Fig. 2, 3.  
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Fig. 2. Wing angle as time t function in system 

SI: φ – angle, which is negative because flow 

velocity VF is negative (indirect y axe) 

Fig. 3. Wing angular velocity ω as time t 

function: ω – middle value of parameter is 0 

because vibrations are around static equilibrium 

Analysis of rotating wing with spring and adaptive moment excitation  

Differential equation (5) for wing rotation motion calculation transforms to (6): 
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where sign(ω) – means that the excitation moment MZ changes the direction, when the angular 

velocity is changing. 

Some results of calculation are given in Fig. 4, 5.  

 

Fig. 4. Wing angle: φ – angle, which is negative 

because flow velocity VF is negative and exists 

new static equilibrium 

Fig. 5. Wing angular velocity: ω – middle value 

of parameter is 0 because vibrations are around 

static equilibrium 

φn ωn 

tn tn 

φn 

tn 

ωn 

tn 



ENGINEERING FOR RURAL DEVELOPMENT Jelgava, 23.-25.05.2018. 

 

973 

Analysis of rotating wing with linear spring and adaptive drag exchange  

In this case, differential equation (5) for motion calculation transforms to (7): 
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where k – constant; 

sign(ω) – means that the drag coefficient parameter (2) is changing when the angular 

velocity is changing. 

Some results of calculation are given in Fig. 6, 7.  
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Fig. 6. Wing angle φ as time t function Fig. 7. Wing angular velocity ω as time t 

function 

Analysis of rotating wing with non-linear spring or obstacle impact and adaptive drag exchange  

For these cases motion in the phase plane is shown in Fig. 8, 9. Analysis of motion shows that 

there are very large possibilities to synthesize different control actions for efficient motion control. 
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Fig. 8. Motion in phase plane with non – linear 

spring 

Fig. 9. Motion in phase plane with spring and 

impact 

Analysis of object motion with flapping wings  

Differential equations of object 1 vertical motion (Fig. 10) with flapping wing can be found by 

formulas of classical mechanics [10, 11, 14, 15]. In this case, for the system of two degrees of freedom 

(X1, φ) two equations (8) can be found: 
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where m1, m2 – object and wings mases;  

 1, 1Y Y&& &  – vertical acceleration and velocity of body 1; 
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 φ, φ̇, φ ̈  – angle, angular velocity and angular acceleration of symmetric wings;  

 Lc – position of one wing centre mass; 

 g – acceleration of free fall;  

 b1, b2 – damping parameters;  

 Mz – actuators moments. 

Here it can be mentioned that in formulas (3-5) for Rn calculation 1VF Y= &  can be used. An 

example of modelling motion by Working Model 2D is shown in Fig. 11.  

 

 

 

 

 

 

Fig. 10. Object vertical motion model: 1 – 

central body; 2 –wing system; 3 – internal 

actuators 

Fig. 11. Central body (mass m1) vertical 

displacement as time t function 

Results and discussion 

Fluid and wing interactions obtained in this work (3) – (8) can be used to solve many engineering 

tasks of analysis, optimization and synthesis of different mechatronics systems with flapping wings. 

For example, for analysis and synthesis of the actuator’s application for energy recovery from fluid 

(air or water) [16]. In flying robot motion control it is possible to solve tasks of robot motion up. 

Additionally, horizontally motion can be analyzed till given distance and return back to the starting 

position. For diving robot model motion investigations it is possible to analyze motion down and up, 

using “Archimedes force” control in equation (8). Movement through the frozen water reservoir below 

the ice surface can be investigated. In this task the dry friction coefficient between the object and ice 

can be taken into account. Part of this task will be investigated by the authors in future. 

Conclusions 

1. In this paper, a new approximation method describing the interaction of flapping wings with the 

rotation and composite motion in fluid flows has been developed. 

2. A new area exchange control action idea has been given for the wing propulsion movement. 

3. It is explained how the obtained relationships are supplemented by mechanisms with nonlinear 

elastic forces and adaptive feedback control. 

4. The obtained mathematical relationships can be used to control and optimize mechatronics 

systems. 
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